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Abstract
The correct valuation of the so-called “correlation products” in the credit risk market such as n-th-to-
default swaps or CDOs requires a better understanding of higher dimensional barrier default phenomena.
We introduce a reflection principle suited for the pricing of credit derivatives on two securities, paving the
way for the development of new methods in the field. For that purpose, we introduce new processes, the
distributions of which involve generalized Bessel functions. As an application, we derive a closed formula
for second-to-default digital swaps, under the standard Black–Cox hypothesis on the conditions triggering
default.
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0. Introduction
Due to the increasing number of products and volume transactions on correlation products
and basket credit derivatives (including e.g. CDOs and first-to-default or n-th-to-default swaps),
there has recently been a considerable effort devoted to the modeling of correlated default times.
See e.g. [9] and in particular Chap. 10 (Models for default correlation) for an overview of the
modeling issues in the fast growing market of credit derivatives.
However, there are still relatively few theoretical tools for dealing with the multiple defaults
associated with higher dimensional diffusion processes. Recall that, in the one-asset case (e.g. for
the pricing of default-prone bonds in Merton’s structural model) the up-to-date probabilistic
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methodology for computing default times and the various related risk-neutral probabilities is
based on the reflexion principle for the Brownian motion, as emphasized in [2]. The same tools
are used for the pricing of classical barrier or lookback options and yield closed-form formulas.
The purpose of the present article is to generalize these tools to the two-asset case, in order to
obtain closed formulas for credit derivatives on two securities. To do so, we derive a reflection
principle suited for the study of two correlated Brownian motions and, from the financial point
of view, of two default-prone securities, paving the way for the development of new methods
in the modeling of correlated defaults. In the process, we introduce a new family of stochastic
processes that behave locally as standard planar Brownian motion although their state space has
a non-standard geometry.
The power of the generalized reflection principle for the Brownian motion (Theorem 3) is
illustrated by the derivation of the distributions associated with a two-dimensional correlated
Brownian motion with an absorbing barrier from the knowledge of the distributions of the new
processes (Proposition 4). The transition probabilities associated with the new processes involve
generalized Bessel functions: this gives an explanation for the intricate formulas that have been
obtained, analytically so far, by He, Keirstead and Rebholz and by Zhou, e.g. for the pricing of
double lookbacks [6,12] (see also [7]).
These new processes seem interesting in their own right, but we concentrate in the present
article mainly on their properties relevant for financial applications. The closed formulas that can
be obtained for transition probabilities associated with a two-dimensional correlated Brownian
motion with an absorbing barrier translate automatically into formulas for derivatives on two
correlated assets with a barrier or default condition. We refrain from giving an exhaustive list of
such formulas but derive, as an illustration of how the Girsanov theorem should be used in this
setting, an explicit formula for digital swaps on two securities under standard (Black–Cox-like)
assumptions on the conditions triggering default.
1. The geometrical approach
Let us write Xx for a standard planar Brownian motion starting from Xx(0) = x. Let us also
write ∆ (resp. ∆+) for the horizontal line y = 0 (resp. the half-line y = 0, x > 0) and ∆′ (resp.
∆′+) for the line cos(2α)x + sin(2α)y = 0 (resp. the half-line cos(2α)x + sin(2α)y = 0, y > 0),
where α ∈] − Π4 , Π4 [.
Let γ be a path (a continuous map from [0, T ] to R2) from γ (0) = x to γ (T ) = y that hits
∆′+ at t1. We assume that x2 > 0 and cos(2α)x1 + sin(2α)x2 > 0, where x∗ = (x1, x2), and
that the same inequalities hold for y∗ = (y1, y2) (see the left side of Fig. 1 in Section 3). The
reflection along ∆′ of the path joining x to γ (t1) is a path from x′ := s∆′(x) to γ (t1), where we
write s∆′ for the reflection along ∆′.
Let us write τ ′ (resp. τ ) for the first hitting time of ∆′ (resp. of ∆′+ ∪∆+) by Xx. It follows
from the strong Markov property for the Brownian motion that
P(Xx(T ) ∈ dy, τ ′ < (T )) = P(Xx′(T ) ∈ dy);
this is the classical reflection principle.
We are interested in the computation of probabilities such as p = P(Xx(T ) ∈ dy, τ < T ) by
means of a suitable generalized reflection principle. The difficulty in doing so is in taking into
account the geometry of paths and of the barrier conditions. To circumvent the problem, we use
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the skew-product representation of the planar Brownian motion [8, V-2, Thm. 2-11]:
Xx1(t)+ i Xx2(t) = ρtei(θ0+γCt ),
where γ is a linear Brownian motion independent of the Bessel process ρ, and where Ct =∫ t
0 ρ
−2
s ds. The continuous process θt := θ0 + γCt gives the total winding of the planar Brownian
motion starting from ρ0eiθ0 about the origin. Although we will not use his result, recall that the
law of θt − θ0, conditional on the radial part ρt , has been computed by Yor [11]:
E(eiν(θt−θ0) | ρt = ρ) = I|ν|(ρρ0/t)I0(ρρ0/t) .
Recall also that the set of Brownian paths that do meet the origin has measure 0 and can therefore
consistently be neglected: this will be a constant assumption in all our forthcoming arguments.
In topological terms, the skew-product representation induces a lift of the planar Brownian
motion to the simply connected covering R+×R of R2−{(0, 0)}, where R+ is the set of strictly
positive integers. The corresponding process on R+×R is given by (ρt , θ0+γCt ). The canonical
projection from R+ × R to R+ × R/2β, where β := Π2 + 2α:
pi2β : (µ, κ) 7−→ (µ, κ mod. 2β)
induces a new process, (ρt , θ0 + γCt mod. 2β) on R+ × R/2β, well suited for the computation
of p.
Proposition 1. The planar Brownian motion Xx induces a stochastic process, written for short
as Xα , that takes its values in the state space R+ × R/2β and the distributions of which depend
only on ρ0, θ0 and α.
The proposition follows from the general properties of the lift of paths to covering spaces.
Recall in particular that the paths γ on R2 − {(0, 0)} starting from x = (ρ0 cos(θ0), ρ0 sin(θ0))
with θ0 ∈ [0, 2β[, are (continuously) in bijection with the paths γ2β on R+×R/2β starting from
(ρ0, θ0). Further details on paths and covering spaces can be found e.g. in [4, Sect. IX.2].
2. Distributions of the new processes
In this section, we compute the transition probabilities for the process Xα . By its very
definition the lifting process is induced by a local isometry and Xα behaves therefore locally
as the usual planar Brownian motion. It follows that all the properties of the planar Brownian
motion that rely only on local arguments (where local means with respect to time and space
simultaneously) also hold for Xα(t) and the classical proofs hold mutatis mutandis for the
new processes. For example, the transition probability densities f ((ρ, θ), (µ, κ), t) satisfy the
Kolmogorov forward equation:
∂ f
∂t
= 1
2
[
∂2 f
∂µ2
+ 1
µ
∂ f
∂µ
+ 1
µ2
∂2 f
∂κ2
]
,
where (ρ, θ) and (µ, κ) belong to R+ × R/2β, with the initial condition
f ((ρ, θ), (µ, κ), 0) = δ(ρ,θ)=(µ,κ),
where δ stands for the Dirac measure.
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The problem of computing f is classical, except for the fact that R+×R/2β is not a subspace
of R2 and is only locally euclidean. It can usually be tackled using the separation of variables
technique or more sophisticated methods such as contour integration and Laplace transform: for
the closely related problem of the solution of the heat equation on a wedge, compare for example
the nice and direct approach in [6, Appendix] with [3, 14.14]. We follow the first method and
look for a solution f ((ρ, θ), (µ, κ), t) = A(µ)B(κ)C(t). Taking into account the fact that we
expect C to decrease to 0, B to be 2β periodic and the (circular and axial) symmetries of the
problem, we get
C(t) ∼ e− λ
2t
2 ,
B(κ) ∼ cos
(
npi
β
(κ − θ)
)
and
A(µ) ∼ J npi
β
(λµ)J npi
β
(λρ),
where J npi
β
(λµ) is the Bessel function of the first kind of order npi
β
and argument λµ [10,
Chap.III]:
J npi
β
(λµ) =
∞∑
m=0
(−1)m(λµ2 )
npi
β
+2m
m!Γ ( npi
β
+ m + 1) .
The general solution compatible with the symmetries of the problem reads finally
f ((ρ, θ), (µ, κ), t) =
∫ ∞
0
∞∑
n=0
cn(λ)e−
λ2t
2 cos
(
npi
β
(κ − θ)
)
J npi
β
(λµ)J npi
β
(λρ)dλ (*)
with the cn(λ) such that
f ((ρ, θ), (µ, κ), 0) = 1
ρ
δ(ρ − µ)δ(θ − κ).
Multiplying (*) at t = 0 with cos(mpi
β
(κ − θ)), integrating over κ and using the orthogonality
formula∫ ∞
0
x Jν(ax)Jν(bx)dx = a−1δ(a − b)
we get cm(λ) = λβ and c0(λ) = λ2β .
Theorem 2. The transition probability densities f ((ρ, θ), (µ, κ), t) for the processXα are given
by
1
β
∫ ∞
0
λe−
λ2t
2
[
1
2
J0(λµ)J0(λρ)+
∞∑
n=1
J npi
β
(λµ)J npi
β
(λρ) cos
(
npi
β
(κ − θ)
)]
dλ.
Notice that this formula is a natural generalization to R+ × R/2β of the classical formula
for heat conduction, when expanded in terms of Bessel functions. Indeed, let β = pi . Then, Xα
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Fig. 1. Barriers and reflections: old and news.
identifies with the standard Brownian motion. Considering the heat equation ∂ f
∂t = 121 f , the
temperature at (µ, κ) at t due to an instantaneous unit source at (ρ, θ) at t = 0 is given by
1
2pi t
e−
R2
2t = 1
2pi
∫ ∞
0
λe−
λ2t
2 J0(λR)dλ
(Weber’s first integral), where R2 = ρ2+µ2−2ρµ cos(κ−θ) [3, 10.3 Fla (3)]. The identification
with the formula in the Proposition when β = pi follows from Neumann’s expansion [5, p.38,
Fla (29)]:
J0(λR) = J0(λρ)J0(λµ)+ 2
∞∑
n=1
Jn(λρ)Jn(λµ) cos(n(θ − κ)).
3. The generalized reflection principle
Let us identify the space R+ × R/2β with R+ × R/2pi ∼= R2 − {(0, 0)} through the
isomorphism ι:
ι : (µ, κ) −→
(
µ,
piκ
β
)
.
One should insist on the fact that this isomorphism is not a local isometry: most properties that
Xα inherit from the Brownian motion are not true any longer when the process Xα is viewed
as a process on R2 − {(0, 0)}. In particular, the trajectories of Yα := ι ◦ Xα do not identify
locally any more with Brownian paths. However, the barrier problem of Section 1 appearing in
the computation of p can now be reformulated in terms of Yα and reads geometrically as on the
right side of Fig. 1.
Let us write D for the closed domain D = {(x, y), y ≥ 0, cos(2α)x + sin(2α)y ≥ 0}
defining the barrier conditions associated with the computation of p. The first hitting time
τ := inf{t ∈ R+,Xx(t) ∈ ∂D}, x1 + i x2 = ρ0eiθ0 , can be rewritten as
τ := inf{t ∈ R+,Yα(t) ∈ R× {0}}.
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Let us write now Y′α for the reflection of Yα along {y = 0}. The distributions of Y′α follow from
the distributions of Yα using the symmetry (µ, κ) −→ (µ,−κ). From this symmetry and from
the strong Markov property of the Brownian motion, we get the generalized reflection principle:
Theorem 3 (Generalized Reflection Principle). We have, for 0 < κ < β,
P(Xx(T ) ∈ dµeidκ , τ ≤ T ) = P(Xα(T ) ∈ dµdκ, τ ≤ T )
= P
(
Yα(T ) ∈ dµ · pi
β
dκ, τ ≤ T
)
= P
(
Y′α(T ) ∈ dµ ·
pi
β
dκ
)
.
In particular, the transition probability density f DX (ρeiθ , µeiκ , t) for the process X with an
absorbing barrier ∂D, where 0 < θ, κ < β, is therefore equal to the difference between the
transition probability densities for Yα and Y′α:
fYα
((
ρ,
pi
β
θ
)
,
(
µ,
pi
β
κ
)
, t
)
− fY′α
((
ρ,−pi
β
θ
)
,
(
µ,
pi
β
κ
)
, t
)
.
However, according to the previous section,
fYα
((
ρ,
pi
β
θ
)
,
(
µ,
pi
β
κ
)
, t
)
= fXα ((ρ, θ), (µ, κ), t)
= 1
β
∫ ∞
0
λe−
λ2t
2
[
1
2
J0(λρ)J0(λµ)+
∞∑
m=1
Jmpi
β
(λρ)Jmpi
β
(λµ) cos
(
mpi
β
(θ − κ)
)]
dλ,
and
fY′α
((
ρ,−pi
β
θ
)
,
(
µ,
pi
β
κ
)
, t
)
= fXα ((ρ, θ), (µ,−κ), t)
= 1
β
∫ ∞
0
λe−
λ2t
2
[
1
2
J0(λρ)J0(λµ)+
∞∑
m=1
Jmpi
β
(λρ)Jmpi
β
(λµ) cos
(
mpi
β
(θ + κ)
)]
dλ,
hence the following proposition.
Proposition 4. The transition probability density f DX (ρeiθ , µeiκ , t) for the process X with an
absorbing barrier ∂D is given by
f DX (ρe
iθ , µeiκ , t) = 2
β
∫ ∞
0
λe−
λ2t
2
[ ∞∑
m=1
Jmpi
β
(λρ)Jmpi
β
(λµ) sin
(
mpiθ
β
)
sin
(
mpiκ
β
)]
dλ,
or, equivalently,
f DX (ρe
iθ , µeiκ , t) = 2
βt
∞∑
m=1
e−
ρ2+µ2
2t sin
(
mpiθ
β
)
sin
(
mpiκ
β
)
I mpi
β
(ρµ
t
)
.
The second formula follows from Weber’s second exponential integral formula [10,13–31]:∫ ∞
0
xe−c2x2 Jν(ax)Jν(bx)dx = 1
2c2
e
− (a2+b2)
4c2 Iν
(
ab
2c2
)
.
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Our proof of this formula should be compared with the analytic approaches to heat conduction
in a wedge and correlated defaults in [3,7,6,12].
4. Digital swaps on two credit instruments
Let us consider now a portfolio of two default-prone credit instruments. We are interested in
the exact pricing of a default swap on these securities using Merton’s structural approach to risk.
Notice that this is a natural extension to basket credit derivatives of the market standards for credit
default swaps and other single-name products. It should be compared with other approaches
to the pricing of baskets of default-prone securities such as reduced-form modeling, correlated
credit migrations, general copulas: see [2, Chap. 9–10] or [9, Chap. 10].
The main purpose of this section is to put the emphasis on the specific features of the
probabilistic method and, in particular, to illustrate how the Girsanov theorem should be used
in this context in order to derive formulas e.g. for the defaults of two assets whose underlying
stochastic processes are two correlated geometric Brownian motions. Due to the very natural way
they are derived, the formulas we obtain have simpler structure and coefficients than the related
intricate formulas in [6, p. 207] or [12, Prop.1].
We make standard assumptions on the underlying securities and default times. We assume
that the swap S is of digital type: the payoff is settled at the maturity date T ; it is A (resp. B) if
only one of the two instruments defaults (resp. if both default). In particular, when A = 0 (resp.
A = B), we get a pricing formula for a second-to-default (resp. first-to-default) digital swap.
If we write τ1 (resp. τ2) for the time when the first (resp. second) instrument defaults, then the
times of the credit events associated with the swap are τ1 ∧ τ2 and τ1 ∨ τ2.
Since we work in the structural model, defaults are triggered when the firm’s value processes
V1 and V2 corresponding respectively to the first and second instrument in the portfolio fall
below a barrier process. As in [1], we assume that the barrier is described by a time-dependent
deterministic process vi (t) := Kieγi t . Finally, we assume that the risk-neutral dynamics of the
processes V1 and V2 are given by
dVi (t)
Vi (t)
= (r − ki )dt + σidBi (t),
where r is the constant short-term interest rate. The coefficient ki is a payout ratio representing
net payouts/inflows by the firm; see e.g. the account of Merton’s approach in [2, Chap.2]. Finally,
we assume that the Brownian motions B1 and B2 are correlated: Cov(B1(t), B2(t)) = %t .
The pricing of a digital default swap D on a single security is standard. Assume that a default
at τi ≤ T triggers a payoff C at T . Then, the price DCi at t = 0 of the swap on the i-th asset is
given by
DCi := E[Ce−rT 1{τi≤T }] = Ce−rTP(τi ≤ T )
= Ce−rT [N (h(i)1 (T ))+ e−2νiσ
−2
i y
i
0N (h(i)2 (T ))],
where N is the standard Gaussian cumulative distribution function, h(i)1 (T ) :=
−yi0−νiT
σi
√
T
,
h(i)2 (T ) :=
−yi0+νiT
σi
√
T
, νi := r − ki − γi − 12σ 2i and yi0 = ln Vi (0)− ln Ki ; see [2, Lem. 3.1.2].
The swap S can be replicated by buying the two digital swaps DB−A1 and D
B−A
2 and a digital
first-to-default swap S2A−B1 with payoff 2A − B. Therefore, S = DB−A1 + DB−A2 + S2A−B1 ,
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where
S2A−B1 = E[(2A − B)1{τ1∧τ2≤T }e−rT ] = (2A − B)e−rTP(τ1 ∧ τ2 ≤ T ).
Recall that τi = inf{t, Vi (t) ≤ Kieγi t }. The condition Vi (t) ≤ Kieγi t can be rewritten:
Wi (t) ≥ yi0, where Wi (t) = ln( Ki e
γi t
Vi (t)
)− ln( KiVi (0) ). Equivalently, Wi (t) is the diffusion process
dWi (t) = −νi t − σidBi (t),
withWi (0) = 0.
Let us define Z(t) by
Z(t) = (Z1(t), Z2(t))∗ = 1√
1− %2
σ−11 −%σ−12
0
√
1− %2σ−12
(y10 −W1(t)
y20 −W2(t)
)
.
We get
dZ1(t) = φ1dt + dX1(t), dZ2(t) = φ2dt + dX2(t),
where X(t) is a standard planar Brownian motion and
φ1 = ν1σ2 − ν2σ1%
σ1σ2
√
1− %2 , φ2 =
ν2
σ2
.
In particular, Z(t) is a two-dimensional Brownian motion with drift and the barrier conditions
Vi (t) = vi (t) now read Z2(t) = 0 and
√
1− %2Z1(t) + %Z2(t) = 0. Applying the Girsanov
theorem, (Z1(t), Z2(t))∗ is a classical Brownian motion for the probability law Q:
dQ
dP
= e−φ1X1(T )−φ2X2(T )−[
φ21
2 +
φ22
2 ]TP a.s.
According to Proposition 4, we get for (a, b) ∈ R2 s.t. b > 0, cos(2α)a + sin(2α)b > 0 (where
sin(2α) = %, and where we choose for α the determination in ] − Π4 , Π4 ]):
Q(τ1 ∧ τ2 ≥ T, Z1(T ) ∈ da, Z2(T ) ∈ db)
= 2µ
βT
∞∑
n=1
e−
ρ2+µ2
2T sin
(
npiθ
β
)
sin
(
npiκ
β
)
I npi
β
(ρµ
T
)
dµdκ,
where β = pi2 + 2α, µeiκ := a + ib and
ρeiθ := Z1(0)+ i Z2(0) = y
1
0σ2 − %y20σ1
σ1σ2
√
1− %2 + i
y20
σ2
.
Finally, since Zi (t) = Zi (0)+ φi .t + X i (t), we have
P(τ1 ∧ τ2 ≥ T, Z1(T ) ∈ da, Z2(T ) ∈ db)
= e〈 Eφ| Eµ−Eρ〉− ‖ Eφ‖
2T
2 Q(τ1 ∧ τ2 ≥ T, Z1(T ) ∈ da, Z2(T ) ∈ db),
where we write 〈 Eφ| Eµ− Eρ〉 for φ1[µ cos(κ)− ρ cos(θ)] + φ2[(µ sin(κ)− ρ sin(θ))] and ‖ Eφ‖2 for
φ21 + φ22 . Therefore,
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P(τ1 ∧ τ2 ≤ T ) =
1−
∫ ∞
0
∫ β
0
e〈 Eφ| Eµ−Eρ〉−
‖ Eφ‖2T
2
2µ
βT
∞∑
n=1
e−
ρ2+µ2
2T sin
(
npiθ
β
)
sin
(
npiκ
β
)
I npi
β
(ρµ
T
)
dµdκ.
Theorem 5. The price of the digital-type swap S is given by
S = (2A − B)e−rT + (B − A)e−rT [N (h(1)1 (T ))+ N (h(2)1 (T ))
+ e−2ν1σ−21 y10 N (h(1)2 (T ))+ e−2ν2σ
−2
2 y
2
0 N (h(2)2 (T ))]
− (2A − B)e−rT
∫ ∞
0
∫ β
0
2µ
βT
e〈 Eφ| Eµ−Eρ〉−
‖ Eφ‖2T
2
∞∑
n=1
e−
ρ2+µ2
2T sin
(
npiθ
β
)
× sin
(
npiκ
β
)
I npi
β
(ρµ
T
)
dµdκ.
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